The simple method of obtaining recursion formulae for product partition functions that we describe in Section 3 is applicable to almost all product partition functions. To illustrate this fact, we will derive recursive formulae for a diverse collection of product partition functions in this paper, giving proofs only in a few cases.
In Section 5, we obtain new recursion formulae of a different kind for a certain class of product partitions without using this method, and in fact without any appeal to their generating functions.
Some functions and their generators.
Recall that by a product (or multiplicative) partition of n > 1 we mean a representation of n as an unordered product of integers greater than 1; the terms in the product are called "parts" of the product partition. Three basic product partition functions are p * (n), q * (n), and e * (n). Here, p * (n) (resp., q * (n)) denotes the number of product partitions of n with repetition of parts allowed (resp., not allowed). The function e * (n) denotes the excess of the number of product partitions of n into an even number of distinct parts over those into an odd number of such parts. While p * (n) and q * (n) were first introduced into the literature (in a different notation) by MacMahon [12] , e * (n) came into the literature only in 2001 (see [14] ). Some other product partition functions that we consider here, along with the condition attached to them, are the following:
product partitions of n with no part occurring more than (k − 1) times; (ii) p * (k) (n) : number of product partitions of n, where each part can occur in at most k colours; (iii) q * (k) (m; n): number of product partitions of n into exactly m parts, no part repeating more than (k − 1) times; (iv) p * (k, h; n): number of product partitions of n into exactly k parts of which exactly h parts are different.
Remark 2.1. Recursion formulae for the additive analogue of p * (k) (n) and p * k (m, n) were considered by Dutta [7] and Dutta and Debnath [8] . The additive analogue of p * (k, h; n), but not its recursion formula, was considered by Cheema [4] .
The generating function for p * (n) was given by MacMahon [12] -who in fact started the study of product partitions in 1924-as
We prefer to take this in the following form (in analogy with the generating function for the additive partition function p(n)):
As explained in [10] , we obtain (2.2) from (2.1) by a change of variable. Also, (2.2) arises from the observation that p * (n) is the number of solutions of the Diophantine equation
As explained in [10] , the series in (2.2) is uniformly and absolutely convergent in any closed interval contained in (0, 1/e). Thus, arranging series according to powers of x, taking logarithms, differentiating termwise, and equating coefficients of ln n powers of x can be done. Similar remarks apply for all the series and products that are involved in the following generating function results (all summations and products, unless stated explicitly otherwise, are from n = 2 to ∞):
Remark 2.2. It is of some interest to notice that if k + 1 is a prime number, then
The additive analogue of this is also true, as noticed by Dutta and Debnath [8] .
Preliminary remarks on product partition function recurrences.
As is well known, to every product partition of n > 1 with canonical representation n = i , where the p i 's are arbitrarily chosen distinct primes. We can therefore say that, in general, any given statement concerning vector partitioning of a specified set of vectors has an equivalent statement concerning product partitions of a corresponding set of natural numbers greater than 1. As a simple illustration of this general principle, we quote two theorems due to Cheema [3] and Subbarao [13] , respectively. Theorem 3.1 [3] . The number of partitions of (n 1 ,n 2 ,...,n s ) into vectors with at least one component odd is equal to the number of partitions of (n 1 ,n 2 ,...,n s ) into distinct parts (vectors) . Note that the same result holds if the parts are required to have nonzero components. Theorem 3.2 [13] . The number of product partitions of n into distinct parts equals the number of product partitions of n into parts (repetitions allowed) none of which is a square integer.
Note that Cheema's theorem is an extension of a well-known theorem of Euler that corresponds to the case when s = 1. Extending this idea, it is in principle possible to obtain a recursion formula for a product partition function f (n) from a given recursion formula for the vector partition analogue of f (n).
Similarly, the reverse of this is in general possible but it gets more and more difficult as the partition function f (n) becomes more and more complicated. Thus, from the recursion formula (3.1.1) of Cheema and Motzkin [5] for u(n 1 ,...,n s )-the number of unrestricted partitions of the vector (n 1 ,...,n s )-namely,
the summation on the right-hand side being over all t dividing ∆-the g.c.d. of the set of k's-it is not too difficult, though not too easy, to derive the recursion formula for the product partition function p * (n) of Harris and Subbarao [10] : d|n ln dp
This is actually what Kim and Hahn [11] did for p * (n). The reverse process is also possible of course. But this is not the natural or simplest way to do. The best way to obtain a recursion formula for a given product partition function g(n) in terms of g(m) for m < n is to do so by a direct process without recourse to the recursion formula for the corresponding vector partition function. This is the main purpose of this paper. We provide here a simple method which we illustrate by deriving recursion formulae for three diverse product partition functions that involve one, two, and three variables, respectively. 
Recursion relations
is an integer and d is not an r th power integer,
is an integer and d is an r th power integer.
Proof. We have
Taking logarithms and differentiating with respect to x, we have
Call the left-hand side S 1 − S 2 . Then it is not difficult to see that
The result now follows.
Remark 4.2.
For r = ∞, the theorem gives the recursion formula for p * (n), and for r = 2, it gives the recursion for q * (n), namely,
where 
Recursion formula for q *
(k) (m; n) using its generating function.
Taking logs and differentiating with respect to x, we get, after a little simplification,
where
Hence, equating coefficients of x ln n on both sides of the above equation, we get, after a routine simplification, the recursion formula 
Recursion formula for p * (k, h; n). Starting with the generating function for
f (u,v; n) , taking logarithms, and differentiating with respect to x, we have, after a routine simplification,
(4.13)
We want to equate the coefficients of x ln n z k t h on both sides of this equation. We write 
Remembering that p * (n,k,h) = 0 if k < h, we see that the coefficient of
Similarly, we have
Hence, the coefficient of
Hence, the recurrence relation for p * (k, h; n) is given by 5. Recursion formulae without using generating series. Using only the definition and combinatorial arguments, we can obtain recursion formulae for certain product partition functions. We illustrate this by working out the details for the function f (k; n) defined below.
Definition 5.1. For positive integers k and n > 1, f (k; n) denotes the number of product partitions of n > 1 into exactly k parts each greater than 1, repetition of parts being allowed. Further, we define f (k; n) = 0 whenever n is not an integer greater than 1 or k is not an integer greater than or equal to 1.
We also use the following definition. 
Remark 5.6. Proceeding as in the proof of Theorem 5.3, we can obtain a recursive formula for the product partition function that represents the number of product partitions of n into k distinct parts greater than 1, where k is any positive integer. We will not go into details. Remark 5.7. H. Gupta [9] considered an additive version of our method for recursive formula for j-partite numbers.
6. Concluding remarks 6.1. Following the method used in the previous section, it is very easy to show that e * (n) has the recursion formula
where, as usual,
6.2. The method that we used in Section 5 to obtain recursive formulae without using generating functions is suitable for numerical work in evaluating functions. It has wide applications, especially in deriving recursion formulae of product partitions into a fixed number of parts. We will consider these in a separate paper.
6.3.
The Euler pentagonal number theorem shows that the excess of the number of additive partitions of n into an even number of distinct parts over those into an odd number of such parts is bounded-in fact, this excess is −1, 0, or 1. There are many unsolved problems concerning e * (n) and p * (n) (see [14, 15] ). We content ourselves mentioning only the following.
(I) Is k = 2 the only value of k for which f (k) = 0? (II) Are f (3) = f (4) = 1 and f (6) = f (7) = −9 the only cases of f (k) taking a value more than once? For the convenience of the reader, we give the first few values of f (k) in Table 6 Yang [15] has proved-as conjectured by Subbarao and Verma [14] -that f (k) changes sign infinitely often and that |f (k)| is not ultimately monotonic, that is, there is no fixed integer k 0 such that |f (k)| is monotonic for all k > k 0 .
